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We present here a study designed to analyse the cognitive processes relating to 
visualisation and reasoning as shown by trainee primary teachers when solving 
geometry problems. The purpose of this research is to understand and describe the 
role played by cognitive activity in order to enable the subjects to construct 
geometrical proofs in a pencil-and-paper environment.  
INTRODUCTION 
Two lines of research are currently being followed as mainstream areas of 
investigation in the processes of teaching and learning geometry. One of them 
concentrates on proofs and different ways of producing them (Harel, G., Sowder, L., 
1998). The other is more concerned with the development of cognitive processes 
revealed by students when they solve geometry problems (Hershkovitz, R., 1996; 
Duval R., 1998, Koleza E., Kabani E., 2006; among others). Duval (2007) claims that 
teaching and learning should be viewed from a cognitive standpoint, and following 
this idea our research aims to describe some of the cognitive processes employed by 
student teachers when they have to solve a problem that requires the construction of a 
formal mathematical proof.  
Research projects, which concentrate on the learning of geometry and the cognitive 
processes involved, indicate how important the construction of a proof is. According 
to Soucy and Martín (2006), lecturers tend to believe that working with proofs in 
geometry helps to develop logical thinking processes and to produce coherent 
arguments to explain why a certain result is true. However, the dichotomy of 
students’ cognitive activity on the one hand and those required by mathematical 
discipline on the other give rise to a series of difficulties which influence teaching 
and learning processes. The student must coordinate the various cognitive processes 
and representational registers either from a mathematical or from a cognitive 
viewpoint in order to construct proofs in problem-solving. How, then, can we relate 
visualisation and reasoning processes in solving geometry problems requiring a 
deductive proof?  
The main aim of this paper is to generate knowledge which will help in 
understanding, as far as possible, the cognitive processes shown to be used by 
students when they solve geometry problems requiring the provision of a deductive 
proof. More specifically, we can state our goal as characterising of the coordination 
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of the processes of visualisation and thought in solving geometry problems requiring 
a deductive proof. 
THE THEORETICAL FRAMEWORK 
Visualisation has become an important element in Geometry in recent years. 
According to Hershkowitz et al. (1996), visualisation is understood as the transfer of 
objects, concepts, phenomena, processes and representations towards some kind of 
visual representation or vice versa. This includes transfers from one kind of visual 
representation to another.  
In agreement with Duval (1998), we define visualisation processes as follows 
(Torregrosa and Quesada, 2007): 
• Perceptual apprehension is characterised as the simple identification of a 
configuration. It is the first step in the student’s cognitive process.  
• Discursive apprehension is the cognitive activity which produces a 
connection between the identified configuration and certain mathematical 
principles (definitions, theorems, axioms…). This association may be 
brought about in two ways, depending on the direction of the transfer, either 
from the thought process to the configuration or vice versa (change of 
anchorage).  
• Operative apprehension consists of a visualisation process dependent on 
some mental or physical modification brought about by the problem-solver 
on the initial configuration, thereby enabling her to extract, introduce or 
manipulate various sub-configurations. Depending on the modification 
produced, we may distinguish two types: a figure-modified operative 
apprehension in which new geometrical elements are added to the initial 
configuration (new sub-configurations), and a reconfigurative operative 
apprehension in which the initial subconfigurations are manipulated like the 
pieces of a jigsaw puzzle.  
Characterising the different apprehensions may help in analysing students’ answers to 
geometry problems and in representing the activities carried out by the subjects.  
Broadly speaking, we see reasoning as any process that enables us to derive new 
information from previous information, irrespective of whether the latter comes from 
the problem itself or from previous knowledge. We can distinguish two kinds of 
reasoning process related to discursive process (Duval, 1998): a) The natural 
discursive process. This process takes place spontaneously in any ordinary 
communicative act, through description, explanation and argumentation. b) The 
theoretical discursive process. This occurs through deduction. It may take place in a 
strictly symbolic register or in a natural register, but always through deduction.  
This cognitive model can be completed by including the configurative process, which 
will enable us to understand certain end-products in solutions given to problems of 
geometry. We take the term “configurative process” to mean the coordination of 
discursive and operative apprehensions. This process should be seen as the set of 
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mental operations undertaken by the student during the application of reason to 
geometry, and should be distinguished from those she uses during processes of 
communication. In other words, the configurative process is the sequence of 
coordinated operations (discursive/operative apprehensions) performed by the student 
when she is solving a geometry problem. Solving a geometry problem requires an 
interaction between the initial configuration and possible later modifications of it in 
accordance with mathematical statements, which makes it possible to identify the 
configurative processes involved. 
In this context, and still following Duval’s (1993) proposals, our definition of a 
deductive proof is centred exclusively on the structure of an inference: “A is true; A 
implies that B is true; therefore B is true” This ternary structure includes a premise 
“A is true”, a reference to established knowledge “A => B”, and a conclusion “B is 
true”.  The statement of the relation may take the form of a theorem, and axiom, a 
property, a definition etc. We now have a structure with which to identify the 
students’ solutions.  
METHODOLOGY 
The data used in this research are the answers given by 55 in-training primary 
teachers to a set of geometry problems contained in a final examination in a pencil-
and-paper environment. The choice of problems for the examination was made 
bearing in mind the purpose of the research project and the characteristics that would 
make them more interesting and productive as objects of study; that is to say, the 
presence or absence of configuration, the number of mathematical statements 
necessary to come to a solution, and the need for a deductive proof.  
In order to carry out our analysis of the students’ answers to geometry problems, we 
have looked for evidence of the ways in which their visualisation and reasoning 
processes interacted. To this end, we analysed both processes separately, identifying 
the operations performed by the students as described in the conceptual framework 
and functioning as an integral part of each answer, so that later we could observe how 
the two cognitive processes related to each other. We paid special attention to the 
configurative process as a type of reasoning used in solving problems of geometry. 
In order to analyse the information provided by the students’ answers, we divided 
these answers into fragments, each of which could be interpreted from the point of 
view of one of the two cognitive processes in the model. To facilitate the analysis and 
the localisation of each fragment, these were numbered.  
RESULTS 
The following is a transcription and analysis of a student’s solution to problem 4, and 
is representative of the answers, which involve a configurative process by which the 
student obtains the key ideas necessary for a theoretical discursive process. The 
transcription has been divided into numbered sections to facilitate understanding of 
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the analysis, and therefore each of our later comments refers to the number 
corresponding to the fragment concerned. 
Problem 4 
In Figure 1, □DEBF is a parallelogram and 
___
AE ≡
__
CF . Prove that □ABCD is a 
parallelogram. 
 
 
 
 
 
Transcription of the answer given by student nº 40 to problem 4. 
1) In a parallelogram, the diagonals bisect each other.  
2) → 
___
GD≡ 
___
GB  y 
___
EG≡ 
___
GF  in □DEBF. 
3) Apply: opposite angles at the vertices are congruent.  
4) → 
∧
DGA≡
∧
CGB  
5) Considering the two triangles 
∆
ADG  and 
∆
GCB  (Fig. 2) 
6) m
___
GA = m
___
AE + m
___
EG , 
7) by hypothesis 
___
AE≡
___
CF  
8) m
___
GC = m
___
GF + m
___
FC. 
9) therefore m
___
GA =m
___
GC  
10) As 
___
GA≡
___
GC , 11) 
∧
DGA≡
∧
CGB , 12) 
___
GD≡
___
GB  
13) By application of SAS,  
14) the 2 triangles are congruent. Therefore 
___
AD≡
___
CB; 
15) By applying the same process to ∴DGC and ∴BGA (Fig. 3);  
16) 
___
DG≡
___
GB , 
17) 
___
GA≡
___
GC , 
18) 
∧
DGC≡
∧
AGB .Opposite angles at the vertices are congruent. 
19) SAS; 
20) → we obtain 
___
DC≡
___
AB;  
21) We therefore have two pairs of opposite sides ≡ of the parallelogram □ADCB. 
22) To show that each pair of angles are the same;  
23) Comparing the 2 triangles ∴DAC and ∴ABC; 24) ___DC≡ ___AB, 
25) 
___
DA≡
___
CB, 26) 
___
AC common side; 27) SSS; 28) They are congruent, so 
∧
CAB≡
∧
DCA , ∧
CBA≡
∧
ADC , 
∧
DAC≡
∧
ACB. 
Figure 1 
Figure 3 
Figure 2 
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ANALYSIS 
In table 1 we give part of our analysis of the transcription of the student’s answer, 
indicating in the left-hand column the visualisation process as decribed in the 
conceptual framework, and which are here identified. In the right-hand column we 
show the inferential steps taken by the student in the proof, in order to identify the 
reasoning process.  
Identification of the Visualisation 
Processes 
Recognition of the Inferential Steps  
1) The student associates statement 1 with 
the initial configuration (Discursive 
appreh.), by carrying out a change of 
anchorage from discursive to visual, 
revealed by the marks made on the 
configuration to show the congruent sides. 
3) The student associates statement 2 with 
the configuration, by similarly applying a 
change of anchorage from discursive to 
visual, as revealed by the marks made on 
the configuration to show congruent 
angles. Discursive apprehension.  
5) The student extracts both triangles (Fig. 
2) from the initial configuration, we  have 
called this reconfigurative operative 
apprehension. 
6-8) Evidence here of Discursive appreh., 
since the student associates statement 3 
with Fig. 2.  
13) The student associates the Side-Angle-
Side axiom with Fig. 3. Discursive appreh. 
15) The student extracts two triangles 
(Fig. 3) from the initial configuration. We 
have called this process Operative appreh. 
19) The student associates the Side-Angle-
Side axiom. Discursive appreh. 
21), 22) The student associates statement 
5 with the initial configuration. Discursive 
apprehension.  
1) Statement 1. In a parallelogram, the 
diagonals bisect each other. 
2) Thesis for statement 1 
3) Statement 2. Opposite angles at the 
vertices are congruent.  
4) Thesis for statement 3. 
6), 7) y 8) hypothesis for statement 3. 
Property of addition of segments. 
9) Thesis for statement 3. 
10), 11), 12) Hipótesis for statement 4. 
Axiom of congruence of  triangles 
Side-Angle-Side (applied to Figure 2). 
13) Statement 4. 
14) Thesis for statement 4 and 
hypothesis for statement 5. Theorem of 
the characterisation of parallelograms 
16), 17), 18) Hypothesis for Statement 
4. 
19) Statement  4 applied to Figure 3. 
20) Thesis for statement 4 and 
hypothesis for statement 5. 
21) Hypothesis for statement 5. 
22) Hypothesis for statement 5 which 
should be tested to obtain the thesis 
required by the problem.  
24), 25), 26) Hypothesis for statement 
6. Axiom of the congruence  triangles 
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23) The student extracts two triangles 
from the initial configuration. We see this 
process as Operative apprehension.  
27) The student associates the Side-Side-
Side axiom. Discursive appreh. 
Side-Side-Side.  
27) Statement 6.  
28) Thesis for statement 6 and 
hipótesis for statement 5, both 
necessary to obtain the conclusión 
required by the problem.  
Table 1 
The configuration is useful to the student as a tool to obtain information about the 
problem synoptically. In other words, it shows interrelated elements and facilitates a 
holistic view. Furthermore, the operations carried out by the student on the initial 
configuration (extracting triangles: ADG-GCB, DGC-AGB and ADC-CBA; making 
different marks on the figure; associating the theorem of the characterisation of 
parallelograms with the additive properties of segments and the SAS and SSS 
axioms) have enabled us to identify an interaction between the above-mentioned 
mathematical associations and the configurations obtained through modifications of 
the initial configuration. This answer reveals a degree of coordination between 
operative and discursive apprehensions, which we have termed “a configurative 
process”. The configurative process in the solving of geometry problems requiring a 
deductive proof is characterised by the generation of a series of key ideas, the 
shortening of the process and the production of theoretical discursive. Table 1 shows 
the coordination between the visualisation process and the discursive processes 
characteristic of the configurative process. This coordination enables the subject to 
obtain key ideas and use them to implement a theoretical discursive process, which in 
turn generates a deductive proof as the solution to the geometry problem. 
DISCUSSION 
Reiss et al. (2002) have listed certain skills which should be developed from a 
mathematical standpoint, such as a basic knowledge of mathematical facts and 
arguments, knowledge of proof methods and the evaluation of the accuracy of proofs, 
and lastly scientific reasoning. The development of these skills, however, should go 
hand-in-hand with specific cognitive development applicable to geometry problems 
requiring formal proof. It is precisely in this kind of problem where the configurative 
process and its development play a vital role in the assimilation of ideas capable of 
generating theoretical discursive.  
The theoretical discursive process, and the subsequent deductive proof, depend partly 
on the mathematical statements which may arise from the coordination between the 
visualisation processes, in which the student faces certain difficulties: factors which 
trigger or hinder the visualisation of certain configurations, knowledge of the 
properties of these configurations (Reiss et al., 2002) and the constant two-way traffic 
between the configurative and the algebraic registers.  
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We have obtained evidence from our research data, which suggests that it is precisely 
the lack of this coordination which might explain why some students suffer a mental 
blockage when they try to find provable solutions to problems of geometry. In cases 
where the coordination factor has enabled students to solve the problem, their 
answers have prompted us to distinguish two different types of process: 
• Truncation, where the coordination process provides the “idea” of how to 
solve the problem deductively. In these cases, the configurative process is cut 
short when the “idea” which will lead to the solution and proof has been found. 
It is this idea which generates the deductive thought-process.  
• Unproved conjecture, where the configurative process enables students to 
solve the problem by accepting their own conjectures, which they arrive at by 
simple perception and then proceed to express the solution in natural language.  
It may also be the case that the configurative process (potentially possible or actually 
carried out) does not lead to a solution. We have called this process a closed loop, in 
which the configurative process has bypassed the route to the solution and has 
therefore brought the reasoning process to a halt. One cause of such a blockage could 
be, as we have already indicated, a lack of coordination, but it could also be due to a 
defective sequence in the visualisation processes (Discursive Apprehension and 
Operative Apprehension). 
CONCLUSIONS 
In this paper we have described some of the cognitive processes which affect the 
solving of geometry problems requiring a deductive formal proof. Our analysis of the 
data has enabled us to generate a model of coordination which will help us to 
understand what cognitive steps students take and what difficulties hinder the process 
of coordination and therefore the possible working-out of the proof. 
As Duval (2007) has stated, in most fields of mathematics formal proofs do not 
require the same fundamentals or developmental processes as in geometry because 
they do not involve the same representative registers, i.e. geometric figures and 
natural language. How then can we improve these learning processes? There seem to 
be two experimental directions for future investigation: in the first place, we should 
try to discover what kind of reasoning could be as important as accuracy in 
computation. Secondly, we should increase our awareness of different ways of 
working with natural language and with different configurations. 
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